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A Few Words about the Notes

This is a set of very concise lecture notes written for A-level further mechanics. I intend to
introduce the physical concepts and principles required by the syllabus using a more math-
ematical approach, so that the reader may develop an appreciation of the interplay between
mathematics and physics. A handful of worked examples are included to give the reader some
rough idea about how exam-style questions look like and how the principles developed in the
note can be applied to solve them. The complexity to type mathematical equations and draw
diagrams on a computer gave me a good excuse to skip several interesting example questions.

Presumably the target audience of the notes are students studying the relevant A-Level course.
If you are a student hoping for good grades in your exams, I suggest you have your hand on a
lot of problems. The notes are supposed to be used as a reference only, but it is eventually by
practising one can have a better understanding of the subject.

I have to admit that these notes are far from complete. I hope you enjoy reading the notes.

But if you spot any mistake (as I guarantee there will be a lot), please let me know.

Yuhao Yang

colin.young@live.com

May 8, 2019

1ii


colin.young@live.com

Yuhao Yang 1 MOMENTUM & IMPULSE

1 Momentum & Impulse

1.1 momentum & impulse

we define momentum as product of mass and velocity:
consider rate of change in momentum: dp _d (mv) = mdv =F
& TR T T

this gives Newton’s second law: resultant force equals rate of change in momentum

separate variables and integrate: f dp= [ Fdt = Ap= f Fdt

we define impulse of a force as: | J = f Fdt

if the force acting is constant, then impulse J = FA¢

we have the impulse-momentum relation:

i.e., impulse causes change in momentum

note that both momentum and impulse are vectors, i.e., they have directions
momentum of a moving object is in same direction as its velocity

impulse of a force is in same direction as the force

Example 1.1 An object of mass 2 kg is initially at rest, if it is acted by a force of 6 N for of 0.5 s,

at what speed is the object moving?

FAt 6x0.5
Ap=] = mv-0=FAt = v=—-= =

1.5 (ms™ !
p- 5 ( )

Example 1.2 A bullet of mass 10 g enters a wooden block at 250 m/s. After a time of 0.005 s,

the bullet leaves the block at 50 m/s. What is the average resistive force acting?
m(v—u) B 0.010 x (50 —250)
At 0.005

magnitude of resistive force is 400 N, minus sign means it is opposite to bullet’s motion

Ap=] = mv-mu=FAt = F= =—-400 (N)

1.2 conservation of momentum

for point mass in absence of net external force, Ap =0, i.e., momentum is constant

for a system of point objects m;, each experiences a force F;
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F; can come from external source or another object j within system: F; = F; ext + ZF,-, j
J
summing over all objects: Y F; =) Fiext+ ) Fij
i i ij

for each pair i and j, recall action-reaction principle: F; j = —Fj ;

s0) F;j=0,then) F;=) Fjext
i i

i,j

note that Y FiAt=) J;=) Ap; =
i i i

ZFi,ext
i

At=) Ap;
i

change in total momentum of system depends on net external impulse acting
in particular, if there is no net external impulse, total momentum remains constant

this is called the conservation of momentum

1.3 collision problems

if two objects collide, At = 0, external force produces negligible impulse

so momentum is always conserved for a collision process

[Z5] [2%) V1 U2
initial state before collision final state after collision

before and after collision, one has: ] MUy + Moy = MV + Ma Vs \

due to the vector nature of momentum, minus sign is needed if direction of motion reverses

1.3.1 elastic & inelastic collisions

for inelastic collision, kinetic energy is lost to plastic deformation
. . . . . . 1 2 1 2 1 2 1 2
for elastic collisions, no kinetic energy is lost: S MUY + S Mply = SV + oM vy

together with momentum conservation, this reduces to ] Uy —Us=Ur— 13 \

for elastic collision, relative speed of approach equals relative speed of separation

for inelastic process, relative speed of separation is less than that of approach
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1.3.2 coefficient of restitution

define coefficient of restitution as ratio of relative speeds before and after collision:

V22—
e= or’vg—vlze(ul—uz)
Uy —uz

for elastic collision, e = 1; for inelastic collision, 0 <e< 1

if an object collides at right angle with a fixed barrier with initial speed u
since barrier does not move, so v—0=¢e(0—u), then v=—eu

so object moves at speed v = eu after collision, but with direction reversed

Example 1.3 Two small spheres A and B have masses 3m and m. They are projected towards
each other with speeds 2u and u relatively, the collision is perfectly elastic. What are their final
speeds?

momentum conservation: 3m-2u—m-u=3mvs+ muvg

relation for relative speeds: vg—va=2u+u

1
) ) 3va+vp=5>5u Va=—-U
take simultaneous equations: { = { %
vp—Va=3uU vp=<U
PR . . . 2 . .
positive v4 and vz means both spheres move in same direction as u4 after collision O

Example 1.4 Sphere A of mass m and sphere B of mass km are initially at rest. Sphere A is
1
projected towards B with speed u, the restitution of collision is 3 After the collision, sphere A

reverses. What is the possible range for value of k?

B-ku

= = VA=
mu+0=mvas+kmuvg . vat+kvg=u . A 30+ 50
vg— U 1(u 0) vp—U 1u du

—_ —_ — — — = — UVr =
B=UA=3 B Ak3 B3040

3-ku
sphere A reverses so v <0 after collision = ;(1+)k) <0 = 3-k<0 = k>3 O

Example 1.5 Two small spheres A and B of masses 3m and m lie on a smooth horizontal surface
at rest. Sphere A is projected towards B with speed u. After the collision B goes on to collide
directly with a fixed smooth vertical barrier, before colliding with A again. The coefficient of

2
restitution between the spheres is 3 and the coefficient of restitution between B and the barrier

3



Yuhao Yang 1 MOMENTUM & IMPULSE

is e. After the second collision between A and B, the speed of B is nine times the speed of A.

Find the possible values of e.

first collision between A and B:

7
3mu+0=3mvs+ muvg 3va+vg=3u Va=—U
2( 0) 2 5
vg—Ua=—(u— VB—Ua=—-U Vp=-—U
B~ VA= 3 B VA= 3 i B=7
. . e
collsion between B and the barrier: vy =-evg = vp= U

second collision between A and B:
7 5e 7—5e

3muva+ mvy =3mws+ mwg 3wa+wp=3-—u——u= u
- 127 4 4
_2, 3 N _2(7u+5eu)_14+30eu
We—Wa=3tWa"lp BmPAT3 12" 4T 36
7—5e 14 +30e 63 —45e—14 —30e 49 —-75e
dwy = u-— u= U = wp=—
4 36 36 144
49 —-"75e 14+ 30e 49 -75e+ 56+ 120e 105+ 45e
wpg = u+ u= U = wp=——1uU
144 36 144 144
given that [wp| =9|wal, so wp = +9w,
9x49-105 336 7
wg=9w, = 105+45e=9(49-75¢) > e=——=—— = ¢ =—
9x75+45 720 15
9x49+105 546 13
wp=-9w, = 105+45e=-9(49-75e) > e=——=—— = e@=—
13 9x75-45 630 15
so two possible values of e are — and 1 ]

1.3.3 collision in two dimensions

momentum should be conserved in any direction
so we can write down component equations
in particular, let’s consider collision against a smooth barrier at angle 6 to direction of motion

Ut

there is contact force normal to barrier, so there is change of momentum in this direction
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change in normal component of velocity depends on coefficient of restitution
barrier is smooth, i.e., no tangential force, so no change in tangential momentum
tangential component of velocity remains unchanged after collision

components of velocity before and after collisions are:

vVi=u;=ucosl, v,=eu,=eusing

Example 1.6 A sphere hits a smooth vertical barrier at 60° to the direction of motion. In the

impact with the wall, the sphere loses 3 of its kinetic energy. Find the coefficient of restitution

between the sphere and the wall.
components of velocity before collision are:
o 1 ) o 3
U; =ucos60 = Eu, U, =usin6d” =—u

components of velocity after collision are:

1 V3
v[:u,;:iu, Vv, =eu, =—eu
1 3 1+3é?
vzzvf+vfl:—u2+— 2ut = ?
L1 4 14 4
= of K.E. is lost, so —mv? = 3 Emuz, or v’ = guz, therefore
143¢ , 1, , 4 1
u - =-u = 14+43e°=- = e=-
4 3 3 3
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2 Circular Motion

2.1 angular quantities

position vector 7 — angular displacement 0

do .

rate of change in angular displacement — angular velocity: |w = Tl 0
. . . do .
rate of change in angular velocity — angular acceleration: | @ = T 0

relation to linear quantites

distance moved out along an arc: s=0r

linear s eed'v—ﬁ—d(er)—%r
Peed V=T Tdr  ar

acceleration is a more complicated issue, we leave that for next subsection

vV=wr

uniform accelerated motion

for uniformly accelerated circular motion, @ = const
angular displacement and angular velocity change with time

these are analogous to linear quantities (displacement, velocity, acceleration)

uniformly accelerated linear motion | uniformly accelerated circular motion

V=uvy+at w=wy+at
L, 1 5
s:so+vot+5at 9:90+w0t+5at
2als=v*— v} 2aA0 = v — W}

2.2 acceleration

acceleration is rate of change in velocity, which has both magnitude and direction

for linear motion, only magnitude of velocity changes, so only concept of linear acceleration
for circular motion, both magnitude and direction of velocity can change

we need two types of acceleration, responsible for changing magnitude and direction of ¥

suppose an object moves from A to B in short time interval At
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change in velocity is: AT =" -
. . - A l-; A 17[ A 17(; .
its acceleration: d = — = — + — (see vector diagram)
At At At
as At — 0, A@ — 0, AU; becomes parallel to U/, A, becomes normal to U
so Av; gives an increase in magnitude of velocity, while Avi; changes the direction
acceleration can be considered as the sum of two parts:

tangential acceleration a; (or transverse acceleration), that changes magnitude of 7

centripetal acceleration a. (or normal acceleration), that changes direction of U

tangential acceleration

dv

from previous discussions, | a; = O

dv d d
a; is closely related to angular acceleration a: qv_dwr) _dw

= —7r = ar=ar oraZér
dr ~ dr  dt d d

centripetal acceleration

. Av vAG
from vector diagram, Av. = vAG, so a, = Cn—
At At
) .. d v? 5 =
takmgthehmcht—»O,w:a,soaczva) = l|la.=—|or|a,=wr=0°r
r

resultant acceleration

resultant acceleration: d = d; + d,
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where its magnitude is given by: a =/ a? + a?

vector analysis (%)

direction of cross product is defined using the right-hand grip rule

W A

dv doxr) do _ _ df R
dr~ dr  dr dr
@ x T is in tangential direction, so thisis a, = ar

QU
Il

@ x (@ x 7), or & x U, is in radial direction, so this is a, = w*r

this reproduces the same results we obtained from vector diagrams

Example 2.1 Particle P moves on an arc of a circle with centre O and radius R = 0.5 m. At time
t=0, P is at point A. At time ¢ seconds, angle POA = ¢* —4t. What is its acceleration at ¢ = 2?

do d
angular velocity: w = — = —(£* —41) =31* -4

dr dr
angular acceleration: @ = & = i(3 t*—4) =6t
& CT o dr o dr -

at t = 2, tangential acceleration: @, = aR = (6 x2) x 0.5 =6 (m s~2)

centripetal acceleration: a, = w’R=(Bx2°-4)%?x05=32(ms %)

resultant acceleration: a =\/a? + aZ = V6% +322 ~ 32.6 (m s72) O

2.3 force analysis

resultant force F = md, so it can be split into two parts F=F,+F,

dv Al . . :
F;= m- | or F;=mr0|, is the tangential force that changes magnitude of velocity
mv? = 1. . o ,
F.=——| or|F, = m0°r | is the centripetal force that changes direction of motion
r
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centripetal force is essential for circular motion

if no sufficient force to provide required F, object will not be able to follow a circular path

to solve a mechanics problem concerning circular motion, one could follow these guidelines
1. consider energy changes and find speed of object at a particular position
2. consider the forces acting (usually weight, normal reaction N due to a surface, tension T
in a string, etc), resolve in the tangential and radial directions
3. find resultant force along the radial direction, which provides centripetal force, then the
mv*
equation of motion can be written down: F, = - or F, = mw?rlll
(in some cases, equation of motion along tangential direction might also be useful)
4. obtain an equation for normal reaction or tension

5. look at a certain condition (object loses contact N = 0, string becomes slack T =0, etc.),

substitute numerical values and solve the equation

Example 2.2 Particle P is attached to one end of a light inextensible string of length I. The
other end of the string is fixed at point O. Particle P hangs freely below O, and is projected
horizontally with initial speed u. (a) When OP makes an angle 6 with the downward vertical
and string remains taut, what is the tension in the string? (b) If particle P can complete full circle,
what is the minimum initial speed needed?

from A to P, K.E. loss = G.P.E. gain:

1
Emuz—amvz =mgl(1l-cos0)

v? = u?-2gl(1-cosh)
at P, consider the centripetal force acting:
muv*
F.=T-mgcos0 = 7
T =mgcos0 + ? (u*-2gl(1-cosh))

[ Alert: the notation adopted by the A-level examination board is quite a nightmare. Instead of reserving for
acceleration, the letter a is often used to represent length of a string, radius of a circular track, or things like that.
In this section, I use r and ! for length quantities and save a for acceleration to avoid confusion, but do watch out

what the symbol a means when you write down your equations.

9
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Example 2.2 Example 2.3

2

T_mu
o

if P completes full circle, string never slacks, so T > 0 for any 6

- mg(2—-3cosh)

at top of circle, cosf = cos180° = —1, this gives minimum T during the motion
2

mu
Trnin = ] -mg2+3)>0
u®>5gl
minimum initial speed needed is therefore umin = /58! a

Example 2.3 A smooth sphere of radius R rests on a horizontal plane. A particle P is projected
horizontally with initial speed u = %\/g_R from the top of the sphere and travels along the outer
surface. (a) When OP makes an angle 6 with the upward vertical and P remains in contact with
the sphere, what is the normal contact force? (b) At what angle does P lose contact with the
sphere? (c) When the particle hits the plane, what are the horizontal and vertical components of
its velocity?
from A to P, K.E. gain = G.P.E. loss:
%mv2 - %mu2 =mgR(1—-cos0)

v? = u? +2gR(1 —cosb) = igR +2gR(1—-cos0)

9
v? = L—}gR—ZchosB

10
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at P, consider the centripetal force acting:

mvz

F.=mgcosf—N = R
m (9
N =mgcos0 —— (—gR —ZgRCOSH)
R \4
9
N=mg (3(:086 - Z)
when P loses contact, contact force vanishes, i.e., N =0, so one has
3 °
cos0 = 1 = 0=414
after losing contact, motion only affected by gravity, so particle undergoes projectile motion

at start of projectile, the initial velocity

, 9 3 3
VO:A_LgR_zgRZ:ZgR

horizontal component of velocity is constant, so

V7 3 21gR
Uy=Vox=UVpSiIN0 = vy,=—-/—-2R = v,=1/——
X 0,x 0 X 4 4g X 64

next, consider vertical motion under constant acceleration of free fall
3 3)? 3 251gR
2_ .2 2
vi=v5,+2gh=(vgcosO) +2g(1+cos@)R=-gR-|-| +2g|1+-|R = wv,=
v = Vo, +28h = (vocos)” +2g( JR="8 (4) g( 4) =\ "ea

Example 2.4 A smooth circular hoop of radius r with centre O is fixed in a vertical plane. Two

small rings A and B, each of mass m, are threaded on the hoop and joined by a light inextensible
string. Given that the string remains taut, OC makes an angle 6 with the upward vertical where
C is the mid-point of the string. The system is slightly displaced from its equilibrium position
in which 6 = 0. At time ¢ the angle AOB =2f. (a) By considering the total energy of the system,
find an expression for the angular speed 6 of the system. (b) Find an expression for the angular
acceleration 6. (c) By considering the tangential acceleration of the rings, find the tension in the
string in terms of 6.
loss in G.P.E. for B = gain in G.P.E. for A + increase in K.E. for system
mgr [cosf—cos(B+0)] = mgr[cos(f—0) —cosf] +2 x %my2
v’ = gr[2cos B—cos(f+6) —cos(f—6)]
using trigonometric identity cos(x + y) = cosxcos y — ¥sinxsiny, we find
v =gr(2cosfp—-2cosBcosfd) = v>=2grcosp(l—cosh)
2 2g

v 6% = Tcosﬁ(l—cos@)

o VP
0*=

11
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Example 2.4

taking time derivative of 6°:

200 = 2Tgcosﬁsinﬂ-@ > 6= %cosﬁsin@
tangential motion of A gives: T cos —mgsin(f—0) = mrf
tangential motion of B gives: mgsin(f+60) — Tcosf = mré
adding the two equations, one can find exactly the same result for 6 after a bit algebra
subtracting the two equations, we obtain

2T cosf=mgsin(f+0)+mgsin(f—0)

using trigonometric identity sin(x + y) = sinxcos y + sinx cos y, this simplifies to

2Tcosff=2mgsinfcosd = T =mgtanfcosO

12



Yuhao Yang 3 SIMPLE HARMONIC MOTION

3 Simple Harmonic Motion

object moves back and forth about an equilibrium position — oscillatory motion
must have restoring force always pointing towards equilibrium position
acceleration is in opposite direction to displacement

if magnitude of acceleration is proportional to displacement — simple harmonics

. . . . L d?x
defining equation for simple harmonic oscillation: | a = —w?x |or | — = —w?x|or| i = —w’x
dr?

3.1 kinematic relations

3.1.1 displacement-time relation

2

. . X . . . .
equation of motion Froke —w*x is a second-order differential equation

general solution for displacement-time relation is | x(¢) = xpsin(w? + ¢) ‘

xo is greatest value for displacement, i.e., amplitude of oscillation
¢ is called the phase angle, which depends on initial conditions at =0
by choosing sine or cosine function wisely, one can avoid using the ¢ term

2
w is called angular frequency, which is related to period of the oscillator: w = 7”

Example 3.1 An oscillator is displaced by 4 cm from its equilibrium position and released.
Given that the oscillation is simple harmonic, and period of this oscillation is 2 s. What is its
displacement at £ =0.75 s?

angular frequency: w = 2?7[ = 2771 = (rads™)

initial condition, x(0) =xp=4cmat t=0

so displacement-time relation can be written as x = xpcoswt

at t=0.75s, x =4cos(m x 0.75) = —2v/2 (cm) O

3.1.2 velocity relations

velocity-time relation: v(t) = % = | v(t) =wxpcos(@t+ p) ‘

to avoid ¢, again one can choose a suitable trigonometric function to fit initial conditions

13
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taking v* + (wx)? and cancelling sines and cosines: | v* = w* (x5 — x%)

this gives speed of oscillator at given position

maximum speed when x=0

minimum speed vmin, =0 when x = +xg

3.1.3 acceleration relations

acceleration relations can be obtained immediately from a = —w’x

2

acceleration-time relation can be written as: a(t) = —w”xpsin(wt + )

maximum acceleration | amax = w*xo | at x = +xg

minimum acceleration @y, =0at x=0

Example 3.2 An oscillator is initially at rest. It is given an initial speed of 4 m s™! and starts
to perform simple harmonic motion. Given that the amplitude of this oscillator is 0.80 m, when
and where does its speed first becomes half of its maximum value?

Umax =WoXy = wx080=4 = w=5(rads™’)

since v(0) =0 at ¢ =0, so velocity-time relation is: v(f) = Vmaxsinwt

1 1 ) ) 1 b4
when v = Evmax, then Evmax = UmaxSinwt = sinbt= 5 > t= 30 (s)
1 2.2

2
1 3
V2 = (5 Umax) =0 (xt-x%) = 29 %= W (x5-x*) > x= - %o = 0.693 (m) O

Example 3.3 A simple harmonic oscillator moves along a line with centre O. A, B are two
points on opposite side of O with OA =4 cm and OB =3 cm. The speed of the oscillator when
it passes point A and B are 9 cm s™! and 12 cm s™! respectively.(a) What is the amplitude of this
oscillation? (b) What is the period? (c) What is the time taken for the oscillator to travel from A
directly to B?

using V2 = wz(xg — xz), one can write

at A: 9% = 0* (x5 — 4% 81 x;-16 )
{ > = = amplitude xp =5 (cm)

=
at B: 122 = w?(x% - 3?) 144 x-9
1 . 2n 2
angular frequency w =3 (rads™') = period T = — =3 (s)

set x(0) = +xo when t =0, then displacement-time relation is x = xpcosw?

14
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at A: +4=5co0s3ty = 14~0.2145(s)
at B: —=3=5cos3tg = tg=0.7381 (s)

time taken from A to B: Atyg =t —t4 =~0.7381 —0.2145 = 0.524 (S) a

3.2 dynamics

to determine whether an object undergoes simple harmonic motion, one can:

1. find equilibrium position where all forces are balanced

2. assume the oscillator is displaced by some arbitrary displacement x from the rest position,
investigate the forces acting and find their resultant Fpet

3. use Fpet = mi [2to write down the equation of motion

4. solve for acceleration X, and check whether it is proportional but opposite to x

Example 3.4 A particle P of mass m moves along a horizontal line AB of length 10a. At any time
, BP)?
acting towards A, and Fp = mg =

AP\ 2
t, the particle P is acted by two forces, Fy = mg (E)

acting towards B. (a) If the particle is slightly displaced from mid-point O of the line AB, show

that it moves in approximate simple harmonic motion. (b) What is the period of this oscillation?

FA FB
{
A 5a O P 5a B
1 1 +
X

to find equilibrium position, let F4 = Fp:
AP\72 BP)2
mg|— =mg|— = AP=BP=5a
5a 5a

so equilibrium position at mid-point O of AB

when P is displaced by x to the right of O, then AP =5a+ x, BP =5a—x, we have:

5a—x\° 5a+x -3
Fret=Fp—Fy=mg 54 —mg 54

2

m%zmg(l—é)2+mg(1+%)

for small number § « 1, binomial expansion (1+8)" =1+ né + 0(6°%) ~ 1+ nd

LIThe letter a is now reserved for length of elastic strings, so we are going to use ¥ for acceleration. Thanks to

Newton’s dot notation for time derivatives. Yay!

15
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. . . X . .
given that displacement from O is small, so — <« 1, we apply the approximation
a

. x 1 x . g
mx:mg(l—Z-—)+mg 1---— = Ii=-——Xx
5a 2 ba 2a

so motion of P is approximately simple harmonic with angular frequency: w =4/ %

. 2n 2a
period of the oscillation: T = — =271/ — ]

w 8
elastic strings

when an elastic spring is stretched, the extension Al is proportional to force applied
Hooke’s law for springs applies similarly to elastic strings: T = kAl

force constant k is sometimes given in terms of the modulus of elasticity: A = ki

lp is natural length of the string when no force is applied
A A

so tension in a stretched elastic string is: | T = l—x = l—(l -1y
0 0

. . . o 1, A )
elastic potential energy in an elastic string is: | E, = Ekx = ﬁ(l — 1)
0

Example 3.5 A particle P of mass m rests on a smooth horizontal table, and is connected to four
points A, B, C and D by four light elastic strings, each of natural length a and modulus of elastic-
ity A. ABCD forms a perfect square with diagonals of length 4a. (a) When P is displaced a short
distance x from centre O towards C and released from rest, show that P describes approximate
simple harmonic oscillation provided higher powers of L are neglected. (b) Find approximate
a
period of this oscillatory motion.
magnitude of resultant of F4 and F is:

A A 21
Foac=Fpy—-Fc=—Q2a+x—a)——2a—-x—a)=—x
a a a

magnitude of resultant of Fz and Fp is:

A
Fgp = FgsinO + Fpsin0=2-— (\/ (2a)? + x? - a) .
a

X

vV (2a)? + x?

. _Zﬂtx(l a )_lex ) 1 (1+ x? )_1/2
BD = a \/4a2+x2 B a 2 402

recall binomial expansion approximation (1+6)" =1+ nd for § < 1
1

2 2
. . b X 1 x
given that x < a,i.e.,, — < 1, so one has: (1 + —2) - —

a 4a 2 4a

U

neglecting higher powers of g, we find

16
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)
\\ a
2a—-x .
.A. N ; e C
. Fc .
. e natural
. N ---- iy
L 1 position
’ —a
e 3 equilibrium
Orp--—- |E ---- o
X position
Xt--- ep
+
Example 3.6

1 A
FBD:_ 1—---1 = FBDZ’—X
a 2 a

now consider the resultant force, also note that both F,c and Fgp act to the left, so

. 24 A . 31
Fret=-Fac—Fpp = mi=—-——x-—-x = Ji=—-—x
a a ma
. . . . I . . 2n ma
hence particle P describes simple harmonic oscillation with period T = = 2m,\/ v O

Example 3.6 A particle of mass m is suspended at the end of an elastic cord of natural length a
1

and modulus of elasticity 3mg. The particle is released from rest from 27 above the equilibrium

position. (a) Show that the particle will perform simple harmonic motion. (b) Find the greatest

speed during the oscillation. (c) Find when the particle first reach this maximum speed.

equilibrium when mg = %Al = 3ngAl > Al= %a
so equilibrium position E at %a below natural position
take positive direction as vertically downwards

A
when particle is displaced by x: Fret =mg—-T =mg - ZM

3mg (1 3
mx:mg——g —a+x) => J‘é:——gx
a \3 a
. . . 3g
so simple harmonics with angular frequency w = ”

- . 1 . . . TR 1
at ¢t =0, initial position x(0) = 7% amplitude is magnitude of initial displacement xy = 22

. 3g 1 3ga
maximum speed Vmax = wXp = 74 P Vma=

17
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at t=0, v(0) =0, particle starts to move downwards (positive direction)
so can write down velocity-time relation: v(f) = vmaxsinwt

. m
greatest speed when sinwt=1,orwt=- = t=—,/—
2 2\ 3g

alternatively, note that speed becomes maximum when particle passes equilibrium position

. —_— . 1 .
this completes one quarter of a full oscillation, which takes 1 of one period

27 T a
— > == O
w 21\ 3g

AN

. ) 1
so time taken to reach vmay is: = 1 T=

Example 3.7 Consider the same oscillatory system in Example 3.6. If the particle is brought to
a position where the length of the elastic string is 2a and released from rest. Find the distance
OP when particle P reaches the greatest height, and also find the time taken for P first comes to
this height.

when string remains taut, P performs simple harmonic motion

we have found equilibrium is at %a below natural position, and angular frequency w = "

amplitude of this oscillation: xp =2a—-a- %a = Xxg= ga

at t =0, initial displacement x(0) = +xp, so displacement-time relation is: x = xocosw?

1
when string becomes slack, string is at natural length, x = —ga, SO

3g (4 1
vzzwz(x(z)—xz) = vzz—g(—az——az) => v=,/8a
a\9 9
1 2 2 2w | a

——a=—-acoswl; = wh=— = [1=—4|/—
3 3 3 3\ 38

afterwards, no tension acts, P is acted by gravity only, so constant acceleration of free fall

instantaneous speed becomes zero at highest point, so we have:
2

1
®-1?2=2.(-g)-Ah > Ah=-—=8% o An=-a
2g 2g 2
O-v=(-g 6 = tZ:K:—'ga > b= 4
g g g

1 1
hence greatest height is 5@ above natural position of the string = OP=a- Sa=5a

alternatively, one can also consider energy changes: elastic P.E. in string = G.P.E. gain

1 3mg
2

3 3 1
this shows the greatest helght is S a above the pomt of release = OP=2a--a=-a

\/_

18
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4 Rotational Mechanics

4.1 torque

we define torque of a force as product of force and its lever arm:
where lever arm r is perpendicular distance from line of action to pivot
torque acting on a rigid body produces turning effects

torque is a vector quantity[3], which can act in clockwise or counter-clockwise direction

torque due to weight

for a body of mass M, weight acts on every small constituent piece Am;, where M = Z Am;

1
= (Z Amm) gt
i

net torque due to weight is 7aATpoqy = ) 7; = | ) Am;gr;
i i

ZAmi) Tem |, OF (ZAmirl-) = Mrem
i i

we introduce centre of mass, such that (ZAmiri
i

YiAmr; . . .
Tem = S Ami gives position of centre of mass from a chosen origin
i AMm;
: : o Jrdm
taking continuum limit: Am; —dm = |rem= d
m

rem can be thought as the weighted average of position vector r;’s

net torque due to weight can be therefore computed as: | Tpody = Mgrem

entire weight on rigid body can be considered to act at centre of mass

Example 4.1 A uniform rod AB has mass 4m and length L. A particle of mass m is attached
at A and another particle of mass 2m is attached at B. The system is allowed to rotate about a
horizontal axis perpendicular to the rod and through A. (a) Find the position of the centre of
mass. (b) When the system is displaced by an angle 6 from the downward vertical, what is the
torque by gravity?

1 4
(m-O+2m~L+4m~§L):(m+2m+4m)xcm = xcm=§L

BMore formally, torque is defined as 7 = 7 x E.

I am a bit sloppy here. We should use the lever arm distance from a chosen pivot, or we should write Thody =

Z Am;7; x . But as long as we keep that in mind, the results that follow are valid.
i
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m 4m 2m

@ ®

A B
Example 4.1

o4 . . . .
centre of mass is at ;L from A (near mid-point of AB but slightly closer to the heavier end)
when suspended, torque by gravity can be found using rem
4
T=Mgrem = Tpody =7MEg" ;Lsin@ =4mgLsin0

1
(or by summing up torques of each part: T=0+2mg-Lsinf +4mg- ELsinG =4mgLsinf) O

4.2 moment of inertia
4.2.1 moment of inertia: the motivation

a rigid body means an object never undergoes change in shape

let’s think of it a system of many small pieces of mass Am;

distance between any two pieces remains the same whatever you do
if each piece is acted by some resultant force F; = Am;a;

. . a;
torque on this piece: t; = F;r; = (Am;a;)r; = (rl-zAml-)—l
T

a; . .
recall « = — gives the angular acceleration
Ti

torque on one individual piece: 7; = r’Am;a

to find out what resultant torque does, sum up for all pieces: Y 7; = (r’Am;a)
i i

but angular acceleration is the same throughout a rigid body (rotation as a whole)

so a can be taken out from the summation: Zr i= (Z rizAm,-) a
i i

we introduce moment of inertia of a rigid body: | I = Z rl-zAm,-
i

taking continuum limit: Am; —dm = |I= f r*dm

hence we have the equivalent of Newton’s 2™ law: Y ri=Ia

this states a resultant torque on a rigid body produces angular acceleration that is inverse-

ly proportional to its moment of inertia (compare with this: a resultant force produces linear
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acceleration that is inversely proportional to object’s inertia mass)
moment of inertia describes how a rigid body resists change in rotational motion when acted
by a resultant torque, hence plays an important role in rotational mechanics

we will next study how to compute moment of inertia for different bodies

4.2.2 moment of inertia: some useful results

we here present the moment of inertia of some regular objects

note that all I’s listed below are about a perpendicular axis through centre

uniform object with mass m moment of inertia
ring radius R I=mR?
. . . . ]. 2
disc/solid cylinder  radius R I= EmR
. 1 2
thin rod length 2L I= 3 mL

1
rectangular lamina sides 2a, 2b I= gm(a +b)

2
solid sphere radius R I= ngz
. . 2 5
spherical shell radius R I= ng

all of these can be shown using the defining equation: I=)_ r?Am;, or I = f r’dm
i

we show the proofs for a few items on the list, the rest will be left as exercise for the reader !

point mass
consider a particle of mass m rotates about an axis at distance R
simply recall defining equation: I = mR?

uniform ring

a uniform ring of mass m rotates about perpendicular axis through its centre O

Blgpoiler alert: this left-as-exercise nonsense occurs whenever the author simply does not want to typeset more

equations or diagrams.
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uniform ring of radius R

any piece Am is of same distance to O, which is radius R of the ring

SO Iring :frzdm = szdm = | Ling = mR?

uniform disc

uniform disc of radius R

a uniform disc of mass m rotates about perpendicular axis through its centre O
consider a narrow ring of radius r and thickness dr about O

area of this ring is: dA = 2nrdr
2nrdr 2mr

its mass is therefore: dm = — m= Fdr
2mr _2m (R 2m R* 1,
SO Igigc = f r’dm = f r2 =7z r3dr = X7 = Lgisc = EmR

uniform rod

a uniform rod of mass m rotates about perpendicular axis through its centre O

consider a narrow piece of thickness dr at distance r from O
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C——
0] dm
uniform rod of length 2L
dr m
mass of this piece: dm = —-m=—dr
2L 2L . .
m 2L 1
50 Log = | r’dm = f r—dr—— rzdr:— — = |Lgq=-mlL?
rod f - oL X 3 rod = 3

4.2.3 parallel axis theorem

theorem: moment of inertia of a rigid body of mass m about any axis can be found from its

moment of inertia about a parallel axis through its centre of mass: | Ip = Iom + md? |, where d is

perpendicular distance between the two parallel axes

proof: Ip=)_ rfPAmi = (Fiem— d)?*Am; = Y rfcmAmi +Y d*Am; =2 Fiem- dAm;
first term: Iy = Z riz, mAmi, so this is just moment of inertia about centre of mass
second term: ZdzAmi = dzz m; = md?
in last term, we have: ) 7 cm- dAm; = (D FiemAm;)- d
notice the term in bracket is related to distance from centre of mass (recall m7.y, = Z Am;T;)
but here we are evaluating the distance from centre of mass to centre of mass, so it is zero

put everything together, we find: Ip = Iy, + md?
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Example 4.2 A system consists of a solid sphere of mass 5m and radius a, a uniform rod of
mass 4m and length 3a and a particle of mass 2m. The objects are joined together as shown
in the figure below. What is the moment of inertia of this system about an axis through X

perpendicular to the rod?

3a

1 3a)? 3a)? 5 )
Irod:§-4m- 7 +4m- ? =B3+9)ma  =12ma
I _2_5 -a®+5m- 3a)® = (2+80)ma® = 82ma’
sphere—S m-a +5m-(a+3a)” =2+80)ma” =82ma

Lt =2m-(3a+2a)* = 50ma’®

Isys = Liod + Isphere + Ipt = 12+ 82+50)ma*> =  Iys = 144ma’ O

4.2.4 perpendicular axis theorem

theorem: given a thin lamina (negligible thickness), its moment of inertia about an axis perpen-
dicular to the plane is equal to the sum of moments of inertia about two perpendicular axes

lying within the plane through the same point

suppose the lamina lies within xy—plane, then the theorem suggests: | I, = I, + I,

¥4

95

proof: I :ZrizAmi:Z(x§+y§)Ami
I, = Z rl'z,xAmi = Z:(yl2 + z?)Ami, Iy = Zriz,yAmi = Z(xlz + Z?)Ami
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but all z; = 0 for thin lamina, so I, =Y y?Am;, I, =Y x:Am;

it is now obvious to see: I, = I, + I,

Example 4.3 What is the moment of inertia of a uniform disc of radius R about its diameter?

¥4

G2

BN

A
U

set up perpendicular axes through centre of disc as shown, by theorem: I, = I, + I,

101 1 1,
butalsoduetosymmetry:Ix:Iy,son:Iy:EIZ:EXEmR = Ix:Iy:ZmR O

4.3 force analysis

from last section, we have learned how to compute moment of inertia of a rigid body
also from discussion in §4.2.1, we have } 7;,=1Ia, or ) 7;=10

now we can predict the motion of a rigid body by applying the equation of motion

Example 4.4 A solid cylinder of mass M and radius R rolls down an inclined slope without

slipping. What is the acceleration of the body?

N
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resolve along the slope: mgsinf — f = mi
1 .. 1 ..
torque on cylinder: fR= EmRZ-G > f= EmRB
X

.. 1 2
together with X = R, we have: mgsinf — EmR i mi = i= ggsine O

Example 4.5 A uniform disc of radius R and mass M is free to rotate without friction about a
horizontal axis through its centre O. A light inextensible string is wound round the rim of the
disc, while a particle of mass m is attached to one end of the string (see diagram). The system is

released from rest. Find the angular acceleration of the disc.

é
~ ™
X0
VT
AT
bl
Vmg

for particle: mg—T = mi

. 1 . 1 .
fordisc:7=10 = T-R:EMRZ-H = T:EMR-H
2mg

together with ¥ =R, we have: mg - EMRB =mOR = 0= @m+ MR
m

4.4 rotational energy
4.4.1 rotational kinetic energy

1 1
for a rigid body rotating about some axis, its K.E.: Ex =) EAmi vi=Y EAmi (wrj)?
i i
1
same angular speed w throughout, so Ej = E(Z rZAm;)w?
i

note that Y r?Am; gives the moment of inertia I
i

1
hence rotational kinetic energy of a rigid body is: | Ex = EI w?
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4.4.2 conservation of mechanical energy

for rotational motion, conservation of mechanical energy still holds if no energy loss to friction
i.e., change in G.P.E equals change in K.E.
G.PE. change can be found by comparing initial and final positions of c.o.m.

1
K.E. change can be computed using new formula Ej = 51 w?

Example 4.6 The same rigid-body system as in Example 4.2 is released from rest from a hori-
zontal position. What is the maximum speed for the particle during the subsequent motion?
greatest speed when the system becomes downward vertical
increase in K.E. equals loss in G.PE.:
1, 3
Ela) -0=4mg- §a+5mg-4a+2mg-5a
1 5 9 8
5 -144ma”-w” =(6+20+10)mga = ©Omax= 2—
a

. 25ga
for the particle: vmax = Wmax? =1/ % ‘54 =  Umax= d

2

4.5 small-amplitude oscillations

when a rigid-body system is displaced from vertical equilibrium by a small angle
it can be shown that the motion is approximately simple harmonic
to do this, the following step-by-step guide is given for reference
1. find moment of inertia of the system about the point of suspension
2. when system is displaced by angle 0 from rest position, find resultant torque acting
3. write down equation of motion 7 = I, and solve for angular acceleration 6
usually it takes the form 6 = —w?sin6, where w? is some constant with dimension 72
4. apply small-angle approximation (sin = @ for small 8), one gets 8 ~ —»?0

5. identify that this is approximately simple harmonic, period of oscillation can then be found

Example 4.7 The same rigid-body system as in Example 4.2 is slightly displaced from its e-
quilibrium position, show that it performs simple harmonic oscillation provided the angular

displacement is small.
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moment of inertia is found to be: I = 144ma®
when displaced by 6, magnitude of net torque on system is
T=4mg- gasine +5mg-4asinf+2mg-5asin@
T =36mgasin6
note angular displacement is counter-clockwise, while torque
acts in clockwise direction, equation of motion 7 = I 0 reads:
—36mgasin® = 144ma*-0 = 6= —ﬁ sinf
given that 0 = 0, then sin0 = 6 (small-angle approximation)
g

0~-=0
4a

this performs approximate simple harmonic motion

g 1\/§

lar f tw= 2 =2/2

angular frequency: w 51“ S\
T

a
period of oscillation: T=— = T=4n— ]
w g

Example 4.8 A uniform annulus lamina is formed by removing a disc of radius a from a disc
of radius 2a of mass m. The lamina is free to rotate about a horizontal axis / tangential to the
outer rim and in the plane of the lamina. (a) Find the moment of inertia of this rigid body about
axis . (b) Show that small oscillations about axis ! are approximately simple harmonic, and find
its period. (c) When hanging at rest, with O vertically below [, the lamina is given an angular

speed wy about /. If the lamina completes full circle, what is the minimum value of w(?

l

za

apply perpendicular axis and parallel axis theorem for the full disc and the removed part'®!:

[INote that the axis through O parallel to  lies within plane of lamina, we need to use perpendicular axis theorem

to find the moment of inertia about this axis, then use parallel axis theorem to find the moment of inertia about .
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11 2 2 2 11m , m_ , 17,
Lgisc = E : Em(za) +mQa) =5ma”, ILemoved = E : Eza + Z(Zd) = 1—6ma
, 17, 63
I'= Igisc = Iremoved = 9Mma’” — 1—677161 => I= 1—6ma
when displaced by 6 from downward vertical, equation of motion 7 = Il can be written as:
3m 63 . . 8
——g-2asin9:—ma2-9 = 92——gsin6
4 16 5 21
apply small-angle approximation sin = 6, we have: 6 = _%9

so the annulus describes approximate simple harmonic motion, and its period is

21 2la 2la
T=—=2m|— = T=m|—
w 8g 2g

to complete full turn, the annulus must reach highest position where O is vertically above [

consider conservation of energy: AE; = AE,, we have:

1 1 3 6mga 32 32
—Iw%——lwzz—mg~4a = w3:w2+ g :w2+—g = w%z—g
2 2 4 32 I 2la 2la
minimum value of wy is therefore wg min = 21_g d
a
4.6 analogy with linear motion
linear motion rotational motion
position displacement x | angular displacement
state of motion velocity v angular velocity o
change of state acceleration a | angular acceleration a
interaction force F torque/moment 7
inertia mass m moment of inertia I
equation of motion F=ma T=1Ia
o 15 1 2
kinetic energy Ep = Zmy Ep= 5 me
work done W =Fx W=160
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5 Equilibrium

5.1 mechanical equilibrium

equilibrium means no translational or rotational acceleration

equilibrium conditions are: |) F=0|and|) 7=0

no resultant force: net force in any direction cancels out

no resultant torque: clockwise and anti-clockwise torques cancel out about any point

for a system of objects, one can take any single object or treat entire system as a whole
when treating individual objects, should consider internal forces between one and another
note internal forces always come in pairs (NewtonaAZs 3™ law, action-reaction principle)

when treating whole system, only external forces are important

5.2 frictional forces

static friction is a self-adjustive force that always opposes trend of relative motion

maximum static friction depends on roughness of surface and strength of contact force

empirical rule states that ’ f < fiim = uN |, where fii, is called limiting friction

w is called coefficient of friction, rough surfaces have larger values of u

2]

for equilibrium, i.e., object does not slide over surfaces, one requires | u =

tips for solving equilibrium problems

* when you encounter a force of unknown magnitude acting at some bizarre angle (force at
a hinge or a rough peg, tension at end of a beam, etc.), taking moments about where this
force acts might be a good idea to get around it

e for a system with several mutually interacting objects, write down equilibrium equations
for the system as a whole might lead to a breakthrough

* sometimes you need to solve a set of simultaneous equations to determine one particular

force, when you find any one of your equation does not work out, just stay patient and try
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a few more
* last but not least, don’t panic, you have all the freedom to try to write down a whole set of

equations, some of them will eventually work out

Example 5.1 a uniform rod AC of length 8a and weight W rests in equilibrium against surface
of a smooth cylinder, which is against a vertical wall. The rod is inclined at an angle 6 to a rough
horizontal plane, where cos6 = g A particle of weight kW is attached to the rod at C. Given that
AB = 5a, and the value of coefficient of friction between the rod and the ground is u = Z Find

the set of values of k for which equilibrium is possible.

take moments about A:

Ng-5a=W-4acos0 + kW -8acosf

3 3 12+ 24k
5Np=4--W+8-—-kW = Np=—"-"-W
5 5 25
resolve horizontally:
12+ 24k 4 48 +96k
= Npsinf = =2 """Wx=- > _ x0T Jok
fa=Ns 4= 5 4=
resolve vertically:
12 +24k 3 89 +53k
NA+NBCOSQZW+I€W =4 NA:W-F]CW—TW'g = NA:TW

no sliding between rod and ground requires:

48+ 96k 3 89+53k
——W=s-x———W = 4(48+96k) <3(89+53k)
125 4 125 )

= 192+384k=<267+159k = 225k=<75 = ks§

fasuNy =

1
so range for values of kis 0 < k < 3 a
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Example 5.2 Two uniform rods AB and AC are smoothly hinged at A. Rod AB has length 8a
and weight 3W. Rod AC has length 6a and weight 2W. The rods are in equilibrium in a vertical
plane with B and C resting on a rough horizontal plane and angle CAB forms a right angle. (a)
Find the force between the two rods at the hinge A. (b) The coefficient of friction between each

rod and the floor is u. Find the least possible value of p.

Fa

4a 3a

Np 4a W 3a ,Nc
3w

> <

B /B fe C

take moments about C for system:
3W-(4acosf +6asinf) +2W - (3asinf) = Ng-10a

4 3 3
3W-(4axg+6axg)+2W-(3axg):NB-IOa
48 54 18 12
10Ng=|—+—+—|=24W = Ng=—W
5 5 5 5

take moments about A for rod AB:

Ng-8acosf =3W -4acosf + fp-8asinf

12 4 4 3
—W-8a-—=3W-4a-—+ fp-8a- -
5 5 5 5
96 6

EWZIZW-I‘G]CB = fB:gW

resolve horizontally for rod AB:
6
Fax=Jp = Fax=zW
resolve vertically for rod AB:
12 13
NB+FA,y:3W = FA’yzgw_EW:EW

hence we find interaction at hinge A:

6\ (13 )\? V205
_ 2 2 _
Fp= FA,x+FA,y_\/(§W) +(—5 W) = FA_—S w
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resolve horizontally for system:
6
fe=fs = Je=gW
resolve vertically for system:
12 13
Np+Nc=3W+2W = NC:5W—EW = Nc¢= gw

at contact B and C, using u = %

6 6
W1 W6
> ) = — and > 5— = —
KB = % 5 HUB = %W 13
. 6
no sliding at either B or C requires p = max(ug, c), SO = — O

13

Example 5.3 A uniform rod AB of weight W and length 2a rests on a rough horizontal plane. A
light inextensible string BC is attached to the rod at B and passes over a small smooth fixed peg
P, which is at a distance 3a vertically above end A. A particle of weight kW is attached at C and
hangs vertically. A, B and C are in the same vertical plane. In equilibrium the rod is inclined at
an angle 0 to the horizontal where sin = g (a) Given that the system is in limiting equilibrium,

tind the coefficient of friction between the rod and the plane is p. (B) Find the value of k.

iy

>

3a

\V

take moments about P for the rod:
1 1 4 4
f-3a=W-acos0 = f=-WcosO0=-W-— = f=—W
3 3 5 15

take moments about B for the rod:

N-2acos0 = f-2asin0+ W -acos0

3 7
2N —=2-—W.-—-+W--= = N=—W
5 10
limiting friction so f_4 10 = 8
1 = — = — . — -
& K N 15 7 H 21
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4
resolve horizontally forrod: Ty=f = Ty= EW
3
resolve vertically forrod: T) + N=W = Ty =W- —W = Ty= 1—0W
v 145
tension in string is: T =/ Tz + Ty = =—W
15 10 30

%ﬁ s

equilibrium for particle C requires T = kW, so k =
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6 Mega Examples

in some cases, one needs combined knowledge from several sections to solve a problem

in this section, we walk through a few long questions to consolidate thinking

Example 6.1 A particle P of mass m rests on a smooth horizontal table, and is connected to a
fixed point A by an elastic string of natural length 2a and modulus of elasticity mg. When the
particle is at its rest position O, it is given an impulse of magnitude m\/? and P starts to move
away from A towards a barrier B. The barrier is at a distance of %a from O. The coefficient of
restitution between the particle and the barrier is i Find the time when P first returns to O.

V3

2a

i
i

o»wl\ ¥

motion of P consists of three stages: motion from O to B (part of simple harmonics), impact
with barrier, and motion from B to O (also simple harmonic, but with a different amplitude)

we first write down the equation of motion when OP = x, :

A m
mi=-2x = mi=-28x = i=-Sx
ly 2a 2a
so P describes simple harmonic motion along OB with angular frequency w = %

g4

at t =0, impulse-momentum relation reads: J = m\/ =muy = Uy= 5

a 2a
from O to B, amplitude of motion is: xo = — =/ = g X / Xo =

displacement-time relation is: x(f) = xpsinwt = x(t) =asinwt

) . ) 1
just before hitting barrier, x = Ea, SO

1 11 k2
asinwt; = = wlh=sin 3

1 3ga
[2_ 2= & Jap2_2 = /===
U=w\/x5—x o 22
1 3
after hitting barrier: v=-eu=-—-1/—— &4 v——\/—
V3 8 8
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v? a 2a 1 1
vzzw\/xg—xz > x,=\/—+x%= g—.—+_a2 = x)=—a
w? 8 g 4 V2

so as P travels from B back to O, amplitude becomes smaller

note that it takes the same time for P to move from O to B as long as amplitude is fixed

: : . : I :
we can use displacement-time relation x'(¢) = xysinwt, or x'() = —asinwt, to find:

V2
L asinwt la > wh=sin'L = =2
— =— =sin " —= =—
et = ’ V2 2= 1o
. T T 5n 5n [2a
total time taken: t=t; +th = — + — = — O

= — = t__
6w 4w 12w 12V g

Example 6.2 A uniform disc of radius a and mass 2m is free to rotate in a vertical plane about
a horizontal axis through its centre O. A particle P of mass m is placed on the highest point of
the rough edge of the disc. The system is slightly disturbed so that OP begins to rotate. For
the subsequent motion, the particle remains in contact with the disc without slipping. (a) When
OP makes an angle 6 with the upward vertical, find 6 and 6 in terms of g and 6. (b) Given that
the coefficient of friction between the particle and the discis u= i, tind the angle 6 when P just
begins to slip. (c) Show that, however large the value of y, the particle cannot lose contact with

the disc before it starts to slip.

moment of inertia of system is:
1 2 2 2
I:Idisc+1p:§-2ma +ma® = I=2ma
to find 6, consider energy changes, loss in G.P.E. for particle becomes rotational K.E. of system:
.o g(1—cosb)

1 . 1 .
mga(l —cos0) = 5[92 = mga(l—cosO) = 2 2ma®-0*> = 62
a
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to find 8, consider torque acting on system:
gsinf
2a

1=10 = mgasin@=2ma*-0 = 0=

or one can take time derivative for 62 to find:

d6? _i(g(l—cos@)) gsinf-0 L G- gsind
a

—= 20-0 =
dt dr 2a

to find friction and contact force on P, consider tangential and centripetal forces on P:

a

mgsin@—f=m-af = fzmgsin@—m-%gsin@ = fz%mgsin@
mgcosd—N=mb’°a = N=mgcosf—mg(l—cosf) = N=mg2cosf—1)(A)
when P is about to slip, frictional force is at limiting value f = uN
%mgsin@z,umg(ZcosH—l) = sinf@=4ucosfd—-2u = 4ucosf—sinf =2u (#)
to find limiting 6, substitute p = }1, we find

1 1
cosf—sinf== = V2cos(@+45°)=- = O=cos '-1--45° = §=~243°
2 2 2v2

2u+sinf
rewrite (#) as cosf = u, and plug this into (A):
21+ sinf sinf mgsin6
N=mg|2-————-1|=mg|l+ —-1| = =
4u 21
obviously N >0, so P will not lose contact before slipping occurs O
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